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Abstract 

We invert the second order, single field, general slow-roll formula for the power 
spectrum, to obtain a second order formula for inflationary parameters in terms of the 
primordial power spectrum. 
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1 Introduction 



The primordial curvature perturbations [T] are manifested today by anisotropies in the cos- 
mic microwave background (CMB) and inhomogeneities in the large scale structure of the 
observable universe, and are characterised in terms of the power spectrum. Observations 
j2] of the CMB and large scale structure allow the reconstruction of inflationary parameters 
13 S . For a proper analysis of the upcoming high precision observations, such as Planck 
, we need accurate analytical studies. Usually, one chooses a particular theory, assesses the 
spectrum it predicts and attempts a comparison between its predictions and the observed 
universe. However, to interpret observations, it is more useful to have an inverse formula 
that determines inflationary parameters in terms of the primordial spectrum, which is in 
turn determined by observational quantities. 

The standard slow-roll approximation used for inflationary scenarios makes some strong 
assumptions about the properties of inflation, which have not yet been confirmed observa- 
tionally. Hence, a more general slow-roll approximation has been put forward |2 which lifts 
the extra, unjustified, assumptions of the standard slow-roll approximation. The advan- 
tages of the general slow-roll approximation, compared with the standard approximation, 
are clearly discussed in Ref. [Hj. 

Recently we proposed a general inverse formula jH] for extracting inflationary parameters 
from the power spectrum of cosmological perturbations. There, we inverted the leading 
order, single field, general slow-roll formula for the power spectrum to obtain a formula for 
inflationary parameters in terms of the primordial power spectrum. Here we extend our 
inverse formalism to the second order. 



2 Second order general slow-roll power spectrum 



We follow the formalism of our first inverse paper [9] . For single field inflationary models, it 
is convenient to express inflationary quantities in terms of jTj QUI 
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where ^ = — J ^ = + is niinus the conformal time. We think of / as a 

function of In^ so that /' = df /dln^. 

Under the general slow-roll approximation, the spectrum for a single field inflation model 
can be expressed up to second order terms as [TT] 
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and 

2.1 Inverse formula 

Our fundamental inverse identity is 

dk IC^ 1 

— m{kO W{kO = [sgn(e + C) + sgn(e - 0] + 2 i^^^ + - sgn(e - C)] - sgn(C) 

(10) 

where sgn(x) = —1 for x < and sgn(x) = 1 for x > 0. Taking the derivative with respect 
to ^ we get 



dk S 

- m{kC) [-k^ W'ikO] = [sgn(e + C) + sgn(e - C)] 



which we can use to invert the first order general slow- roll formula [Zj, 

In^ = I l-k^ W'ikO] (in Y^ + lj) 



to get 
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Substituting into Eq. Q gives 
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Substituting Eqs. (fTH|) and (PT| into Eq. (fT7|) . we get the simphfied form for the second order 
inverse formula 
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3 Examples 

3.1 Standard slow-roll approximation 

In the context of standard slow-roll, the power spectrum has the form 
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where n is the spectral index and fc^ is some reference wavenumber. Applying our inverse 
formula Eq. ^T7\i. using the window properties Eqs. ^ and and the results 
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where a = 2 — ln2 — 7~ 0.7296, gives 

In = InP, + a,{no + + ^) (n, - 1)' + ■ ■ ■ (32) 

where «<> = a — \n.{k^^). Eq. ()32j) reproduces the standard slow-roll inverse, which is trivially 
obtained from the standard slow-roll formula JUl 

InP = In 1 - 2aJi - - 4^ + fa^ - 4 + ^ V + ■ ■ ■ (33) 



where a* = a — ln(A;^^) and is an arbitrary evaluation point usually taken to be around 
horizon crossing. 



3.2 Power law 

Consider the simple case where the spectrum has the power law form 



(34) 



with V > 0. Substituting this power spectrum into our inverse formula Eq. (j27p . and using 
the results 
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To understand this result better, let us see the forward calculation. Consider an infla- 



tionary scenario with 



J J 00 



Calculating the power spectrum up to second order terms using Eq. Q we obtain 



\nV = In — 



Poo C{U) 



_C{2i>) 



— tan' 



/7rz/\ Bf 

It J ^ (l-2z/)(l + z/)2 C{2u)_ 



(39) 
(40) 



5 



The term proportional to Ai in Eq. (j38|) . i.e. the first order result, diverges at z/ = 1. This is 
to be expected as the term proportional to Bi in Eq. (|4Up . i.e. the first order general slow- roll 
result, is degenerate at z/ = 1 and so one can not expect an inverse to exist beyond that 
point. The second order terms in Eq. ()38|) diverge at z/ = 1/2. This is to be expected as the 
term proportional to B2 in Eq. ()40|) is degenerate at z^ = 1/2 and so one can not expect a 
second order inverse to exist beyond that point. 

3.3 Linear potential with a sharp slope change 

Consider a linear potential with slope changing from —A to —A — AA at = 0o ^21 ^1 ^| 



= Vo{l-[A + AA e{(P - 0o)] (0 - 0o)} 



(41) 



with A -C 1 so that de Sitter space is a good approximation, and AA/A <^ 1 to ensure 
approximate scale invariance. For this case 
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Now, using our inverse formula Eq. (j2Zj), Eq. (|Tn|l . and the identities 
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we can invert the power spectrum of Eq. PHj) to recover Eq. 



6 



Acknowledgements 



This work was supported in part by the Astrophysical Research Center for the Structure 
and Evolution of the Cosmos funded by the Korea Science and Engineering Foundation and 
the Korean Ministry of Science, the KOSEF grant KOSEF ROl-2005-000-10404-0, and Brain 
Korea 21. 



References 

[1] V. F. Mukhanov and G. V. Chibisov, JETP Lett. 33, 532 (1981) ; A. A. Starobinsky, 
Phys. Lett. B 117, 175 (1982) 



[2] 
[3] 
[4 



[5 

[6] 
[7] 



[9 
[10 

[11 
[12 

[13: 



M. Tegmark et al, Phys. Rev. D 69, 103501 (2004) astro-ph/0310723 

H. M. Hodges and G. R. Blumenthal, Phys. Rev. D 42, 3329 (1990) 

E. J. Copeland et al., Phys. Rev. D 48, 2529 (1993) hep-ph/9303288 ; E. J. Copeland 
et at., Phys. Rev. D 49, 1840 (1994) astro-ph/9308044 ; J. E. Lidsey et al. Rev. Mod. 
Phys. 69, 373 (1997) astro-ph/9508078 

S. Habib, K. Heitmann and G. Jungman, Phys. Rev. Lett. 94, 061303 (2005) 
astro-ph/0409599 ; A. A. Starobinsky, astro-ph/0507193 



|http: / / astro.estec.esa.nl/Planck 



S. Dodelson and E. D. Stewart, Phys. Rev. D 65, 101301 (2002) astro-ph/0109354 ; 
E. D. Stewart, Phys. Rev. D 65, 103508 (2002) astro-ph/0110322 

K. Kadota, S. Dodelson, W. Hu and E. D. Stewart, Phys. Rev. D 72, 023510 (2005) 
astro-ph/0505158 

M. Joy, E. D. Stewart, J. Gong and H. C. Lee, JCAP 04, 012 (2005) astro-ph/0501659 

E. D. Stewart and J.-O. Gong, Phys. Lett. B 510, 1 (2001) astro-ph/0101225 

J. Choe, J.-O. Gong and E. D. Stewart, JCAP 07, 012 (2004) hep-ph/0405155 

A. A. Starobinsky, JETP Lett. 55, 489 (1992) 

J.-O. Gong, JCAP 07, 015 (2005) astro-ph/0504383 



7 



